Figure 9. Baseline and Counterfactual Simulations
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Notes: The share of labor in the Malthus sector and the wood/coal price are expressed as
ratios. The log of coal use is normalized to zero and the level of output per capita to unity in
1560 in the Baseline simulation. Therefore, in Figures 10b-f the levels of coal and output are

relative to those in the Baseline simulation.




APPENDIX (FOR ONLINE PUBLICATION)

Appendix A: Derivation of Equilibrium Equations in Section 3

Intermediate goods prices and the labor allocation are jointly determined economy-wide
because of the labor adding-up condition (4) and the numeraire equation (5). Then, given
goods prices and the labor allocation, all other quantities can be determined for each sector.

First, we substitute py ; = p;ps, into the LHS of the numeraire equation (5):

1-o0 _
vo(pepse)  +@—1)psi® =1
Dividing both sides by pé;" and raising them to the power of ﬁ gives three forms of pg ¢

o—1
for use in (23) and elsewhere (the second and third using I' = % andT9p}~° =Ty, ¢ from

(6)):

1 a 1
Pse = [y°pr°+ (L —y)°fo-1 = (1 —y)o=3(1 + [p; =)ot
" oo —— (AD)
- — —\o-1
=(1-p)ri(1+Ty )
The price in the Malthus sector for use in (22) is then:

a 1 g 1
Pue = PePse = (L —y)o-ip,(1 + Tp;~%)o-1 = (1 — y)o-1(p{ ' + 7)o

T N B V.V
=(1—)/)EF<yt ’ +F>

Next we find the optimal levels of labor. Using (9):

Yue Yor Y
we=A—-a—B)pu e =(1-a- ﬁ)PS.t_LS = Yo, =y = T/p)?
t t t
' £ s A3
_ L we Jlwt oo (A
Pt Lt Lg ¢ ‘

Given Ly = Ly + Lg ¢, Ls and Ly, ¢, for use in (23) and (22) and elsewhere, are given by:

Ly = (Mpt=% + 1L Lye = — Le
¢ = ([7p %+ DLs(pe) = Lge =

-0 o1 (A4)
1+TPc™ 141y,

and

LT7pi™® LT

1— - o-1
Fapt o + 1 r + yt_T

Ly,(pe) = Le — Lsc(pe) = (AS)

Then we substitute the optimal amount of machines sold, x;,(j) from (12), into the goods

production functions (2) and (3). Noting that x;,(j) does not vary with j, this yields:



1—-a— ‘B B
1 N”PELtL 1-a-B 1 1-a—B\1-8 1-a—f
Y, == f | dj |ESLY T =5 Ef.Li; YL
,t B o < xl,t(])l I3 ] t ﬁ Lt(plt it ) lt

hence

B _a 1-a-PB

1
Y e (0o Nmye) = ’ENM,tp (Pt)El ﬁL - ﬁ (Pe) (14)
and
1 a 1-a—pf
Y5 (D¢, Ns,e) = — Ns D B(Pt) (ptrNSt)LSt (pe) (15)

B

We also need to find Eg, (pt, stt), the optimal amount of coal, in terms of the endogenous

variables p, and Ng .. Substituting (15) into (8) and rearranging yields:

Ys . 1 —(1-a-p) 1-a-B

a L - -
€s = aPs;¢ £ ’t Eps,tl'ﬁNS,tEs,tl b Ls,lt b
Then solving for the coal quantity we have:
N, F
alNg\t-a-p
Es¢(pe, Nsit) = ( ) st~ P(De)Ls(pr) (16)
Bes
Inserting (16) back into (15) gives:
Ys,t(pt: NS,t)
1-B 1-8
1 £ aNg\1i-a-f 1 Sl
= = Ns,t p; tp(pt) ( — > st~ F(pr)Ls, (pe) let  (pe)
B pes '
1.e.
N 1-B a s
st\1-e-F (A \T—ap %8
Ys (P, Nsp) = (7) (g) Ds,t* =% (De)Lsc (Pr) (A6)
and inserting (A6) and (14) into (6) gives the equilibrium output price ratio in the form:
_1
T o
Y5t (Dt Ns,t)

Lastly, (A1)-(A2) and (A4)-(AS5) are the functional forms used in (22)-(23).

Appendix B1: Derivation of n.(y,, N;) and n,(e;, N,)

Dividing (22) by (23) and using ratio definitions from (24)-(26) gives:



n. = ANM,t/NM,t—l
© 7 ANg./Ns; 4

1 _ _x 1-a-B
_ <pM,t(pt)>m(1_B)< Em: )m(l_ﬁ) <LM,t(Pt)>m(1_B)
Dst ) Eg (Dt Nst) Lg (pe)
1 a 1-a-B
= p,mG-P E,ma-p) | mG-F) (B1)

1
Equation (B1) is not in the most intuitively useful form, so we substitute p, = Ty, ¢ (6) and

use other equations, again with ratios defined as in (24)-(26), as follows:

o—1

(D/(8), (6): er = peyie/Er = Ty, ° /E¢ (B2)
B _a_ i—ap

(14)/(15), (B1): ye = Np, PE;7PLP = Nt [, (B3)
9): Ve = /D¢ (B4)
Substitute (6) into (B3) and solve for y;:

_1 1 o1 1

Ve = Neni* /Ty, 7 = ny = Imy" N" 28)

Substituting in (B3) for p; from (6), for E; from (B2), and for [, from (B4) and (6) gives:

a
o-1\ 1-8 1-a—f

B o-1

_N\T-F Ty ° 1 \TiF

ye = N, <Fyt ") —— (Fyt "yt> (BS)
t

Rearranging gives this conversion between (y¢, N;) and (e;, N¢) spaces:

1 1 1=

Y, = F"et‘“"Nt(l_B)o; hence e, = ['ay, N, % (29)

Inserting (26) for y, into (25), and using 6 = 1 + j from (26), finally gives:

¢ —@0-1) (-1Da-p)-1 6 —a(o-1) (6-H1-B)

Tlt = Faet m Nt m = Fﬁet m Nt m

(30)

Appendix B2: Derivation of (33)

Substituting (B2) into (29) gives:

o—1

Y = re <Nt(1_.3)0'l"—aayt_aa(T)/Et—aCf) Nt(l_ﬂ)o' — r‘(l—a)JNt(l_.B)o'yt—a(U—l)EéZO'

= yt1+0_’(0'—1) — F(l—a)o'Nt(l_ﬁ)o_EélO' (B6)

Inserting (A4) and (A1) into (16):



1-p 1 1
Nc \1-a-8 -1 UT(T) L
= Eg = (a—:t> [(1 + Fyt7> (1- V)"] e
1+Ty, o

1-B g-1 1_ﬁ(1—olc—ﬁ)

Ey ( Bés >1_“_B Ey (1 + FyfT)

L

g 1
(1- V)E(m)
Substituting this into (B6) we have:

1+a(o-1)
t

ag(1-p)

7 ol 1+Ty°
‘ aNg ¢ L

ac/ 1
(1— y)m(m)
Taking logs and then differences, ! and substituting Ay, /y, = Aln(y,) gives (see the Annex):

1+a(c—1)+ (li;[_gﬁ) l"y:%1

g-1 Aln(yt)
14Ty, ° (BS)

1— 2
=d(1—-p) Aln(NM‘t) -0 %

Using Aln(Ny; ;) = n;Aln(Ns ) = n,Aln(N;)/(n, — 1) then gives, after further algebra

Aln(Ng ;) — ao Aln(L;)

(again see the Annex):

1+a(c—1)+ (li;fﬁ) Iy’

= (n — 1) Aln(yy)
1+Ty,° (33)
= o(1—p) (nt _ %) AIn(N,) — (n, — Dac Aln(L,)

Appendix B3: Derivation of (36)
Taking differences of the log of (29) gives Aln(y;) = o[(1 — B)AIn(N,) — a Aln(e;)], and

o—1

substituting this, and FytT = N.n{"* from (6) and (B3), into (33) gives:

! As noted early in Section 4, first differences in time throughout this paper are treated as if they were
differentials, so that all time variables are treated as continuous functions of time.



1+a(0—1)+( 5 )Ntnt

o I Ntnt (ne — D[(1 — B)AIn(N,) — aAln(e,)]

(B9)
- %) Aln(N,) — (n, — 1)aA1n(Lt)]

za[(l—ﬁ)(nt 1

1-B
—a—-f

After much further algebra in the Annex, including using T —1=a(c™ —1) from (26),

this yields:

1+a(c—1) Ntn?‘
( 1-8 1—q— ’[),> (n; — 1) Aln(e;)

[{a —ot+ (6" =)@ + Nn™HIng — (6 — a™)] AIn(N,) (36)

1+N
(%Zt) (ne = 1) Bln(l,)

Appendix B4: Malthusian Sluggishness under High Substitutability
Proof of Lemma 1

As a preliminary, note that

—-A-p)<-(1-a-p)
=>[(e-DA-a-p)-1]A-f<[(c-DA-p)-1]A—-a—-p)
1-p4 <n = (c-1DA-p) -1

1 a—p "™ -Dl-a-p -1

Then rearrange (33) to show that at any path-point, given constant population (Aln(L;) = 0),

[1+a(0—1)+(1 aﬁB)Fyt l(nt—l)

Aln(N;)
Aln(y,) (1 N ]"y:;1> - 5) (nt - )

1-a-f

We can then prove (see the Annex for details) that at any point in (y, N)-space on or above
(c-DA-P)-1 1-8
(o-1(1-a-p)-1 —a-B ~

1 o-1 -1
n(y,N) = 'myms Nm < n,, the path through that point must have log-slope AllnENt; Tl,

then =

= Ny locus (38), but not above the Ay, = 0 locus, i.e. w1th

1 o-1 -1
so that its slope is steeper than the curve ['myms N'm= constant through that point. m

Proof of Lemma 2

(i) We find the A(n,) = 0 locus in (y, N)-space by taking logs then the differences of (28)

1 1 o1

n, = I'mN™y™, and then setting Aln(n,) = 0



1 oc—1
0= ——AIn(N,) + (B10)
m mo
Substitute this in (33) with Aln(L;) = 0, which relates the growth rate of y and N given

o—-1
constant population, multiplied by <1 + Ty, ° >:

1—B o-1

(1 +a(c—1)+ (m) ry,” ) (n; — 1) Aln(y,)

o1 1-
= <1 +Ty,° >0(1 -B) (nt - ﬁ) Aln(N,)

g-1 1- -1
:<1+Fyt" )a(l—ﬁ)(nt—l_ ﬁﬁ)aa Aln(y;)

a

Divide by Aln(y;) and rearrange:

(1+Fy:_>(1 3)( _ﬁﬁ)(o'—l)

(B11)
= I1+a(a—1)+(

1_ﬁ o—1
T—a—p) ™ | D

Rearranging this, the A(n;) = 0 locus is thus:

1 o-1 -1

n(y,N) = I'myms Nm

_ 1f;”’ﬁ (1+ ryﬂT_l) (6—1)(1—B) - [1 +a(o—1)+ (1 a”’ﬁ) ry”al] 37)

(1+1y%)@-DA-B) - [1+alc -1+ (=5) Ty
1—2(3}( )+F)(0—1)(1_ﬁ)_[(

I St

B)F+{1 +a(c—-1}y (%)

(D +r ) (0-DA-p) - [( ﬂ) P+ {1 +a(o - Dy (7]

(B12)

1aﬁ
(c-DA-pB) -

(i1)) We can then show (see the Annex) that for any 0 < y < oo, (B12) > (38), i.e. has higher

ﬁznooasy—>oo (38)

1a[3

-1
Nm  i.e. has lower N; hence the Aln(n;) = 0 locus lies below the n = n, locus (38).

(iii) To show that the Aln(n;) = 0 locus in (N, y)-space is locally steeper than the
development path through any point on the locus, we first insert (28) into (B11) and
rearrange:

SR

(1+ Ty o ) (6 - 11 =p) (réyfnizv?i — ll;fﬁ)

[1+a(a—1)+(




The log-slope of this locus in (y,N) space (again see the Annex) is:

anv) [A—a=p+A-prys|(e-o") 2@ -1)

Aln(y) [1-a-p+Qa- ﬁ)FyGT_l] (0—ohZ
) (6o -1D =1 (=) e - D -pry's

0-__1 on
[1-a-g+@-pry7 |(c-ohZ
We can then show (by straightforward but tedious algebra, again in the Annex) that this slope

is steeper than the (log-)slope of the path through that point, which since by construction

_ . . Aln(Nt) _ O'_—l
Aln(n;) = 0 at that point, is 200 o from (B10). m

Appendix B5: Proof of upward-sloping Ae; = 0 isocline (part-proof of

Proposition 2)

_ T
o o
= 39
nt o—ot+ (et —1)(1+ N;n™) (39)
o (c-0)(1-B) -a(o-1)
nt == FENt m et m (30)

Substitute (30) into (39):

o—ot o (6-)(1-B) -alo-1)

— M= c—1+ (ot — 1)l"aNt(O'—cNT)(l—ﬁ)+1et_a(o-_l) =ImN, m e m
—of —H(1-8) —alo—
o o (c-3)(1-pB) alo—-1) _
>—5—=N, m e m |o—1+ (ot —Dron-20-M+ig —alo-1)
['m

Now take total differences:

&) (1- (6-3)(1-8) —a(o-1) ~
0= th m le,™m [a —1+ (= 1)FaNt(a—o)(l—ﬁ)Het—a(a—l)]ANt

m

— (6-8)(1-B) —a(g-1) P
_a(o-1) N, m e m 1[0_ 1+ (ot - 1)FaNt(a—a)(1—ﬁ)+1et—a(a—1)]Aet

m

(0-8)1-p) -a(c-1) ~
+N, m e, m (of = DI7[(o — &)1 —B) + 1IN, T DR, —alo-Dpp,

(0-5)1-p) =—a(c-1) ~
—N, m e m (ot = DI[a(o — DN, ODE=F+1p —alo-D-1p,,

- (1- (6-9)(1-B) —a(o-1)
:>{<a Da-p) y DD

ee. m [o—1+ (ot -

~ (6-9)1-p) —a(c—-1)
DION, DBt a0 D] 4 N7 m e, m (6T —DI[(0 -1 —p) +

1IN, - et—a(a—l)} AN,




) @=®a-p) -ale-1) ~
— {0{(0‘ 1) Nt poo et m 1[0_ _ 1 + (O_'I' _ 1)FO-Nt(O-_O-)(l_ﬂ)-l-let_a(o-_1)] +

m

(6-6)(1-p) -—a(o-1) ~
N, m e, m (O-'l' —Dr%a(o — 1)Nt(o—a)(1—ﬁ)+1et—a(a—l)—l}Aet

The bracketed expressions multiplying AN, and Ae, are both unambiguously positive, so

AN;/Ae; > 0. m

Appendix B6 (part-proof of Proposition 3)

To prove that all paths under the Ay, = 0 locus in (y,N)-space eventually rise to cross that

locus upwards, we have to show that at any point under this locus, the slope of the path

1 o-1 -1
through that point is steeper than the curve n(y, N) = I'myme Nm = i1, where 7 is a constant,,

through that point. That is, from (35) and (33), we need to show that:

n —# do—1 1
{">m<> Dando - <m}
-8
Aln(N,) [1 ta-D+(5) 0 l =1 , (A= Daclin(t) -1
Aln(ye) (1 + Fy:_ )0(1 B) (n - = aﬁﬁ) Aln(ye) ’

Since 1 > 1, Aln(L;) > 0 always and Aln(y;) > 0 below the Aln(y;) = 0 locus, the second

term on the LHS is > 0, so it will be enough just to prove that

[1+a’(0—1)+<1 ;'B'B>Fyt_l(n 1o
><1+Fy7>0(1—ﬁ)(ﬁ—%)(0—1)
I1+a(0—1)+( Bﬁ>Fyt l(ﬁ—l) -
i.e. >

<1+Fyt )a(l ,B)(n—l aﬁﬁ) ’

The proof of this by straightforward but tedious algebra is given in the Annex. m

Appendix B7: Growth Rates
Algebra for Proposition 5

We start with these minor rearrangements of (20) for the growth rates of Malthus-sector and

Solow-sector machine varieties:



— ANMI t;/ - h(l1 B) _h(la—ﬁ) ill(la lg B15

Nyt = NM,t—l - /1N 1th (pt)EM L (pt) ( )

— ANSI _ +v - h(l1 B h(la—ﬁ) fll(la lg B16
nS,t = NS,t—l AN t 1 pgt (pt)ES’t (pt'NS t)L (pt) ( )

where A is an arbitrary positive constant which may differ from equation to equation.
Substituting for coal use Es . (p¢, Ns,) from (16) into (B16) gives after routine algebra (see

the Annex) this equation for the growth rate of Solow-sector machine varieties, ng ;:

ZXAL;t #+V 1 1 a 1
nge === NG pgtT T ONG TP L, (B17)
St-1
1 1-a-f 1 1

Substituting for pm(1 DLy " from (A2) and (A5) into (B15) and for pg, ™" )Lm from (A1)

and (A4) into (B17) then yields, after further routine algebra (again see the Annex), these

growth rates for each sector:

e = ANMftwl RGP (yt = l“) MeDER ] naep (41)
and
i1 a o=t
ng, = /’lN hv N"“ a=p) (1 +Ty, o ) ~h(o-1) L (42)
Proof of Proposition 5
pv—1
(1) In (41), all terms are rising or constant: ANy, 1 >0&v=1—u= ANM’t”’1 >0;

(1—0:—[?)(0—0'1')

g1 | re-D(-p)

AE,’;,“'B) =0; Ay, >0& 0 > o' on an MS path = A(yt‘T.H') [ ] > 0: and

1-a-f

AL’;(l_ﬁ > 0; 50 Ny ¢, the growth rate of Malthus varieties rises forever.

(i1) In (42), once Ay, < 0 forever on an IR path, for v > 1 — u, all terms are rising or

o . 1-a- N
constant for the same reasons as in (i); while for 1a ﬁﬁ A1-w)<v<1—uy, let Ni =
- St—1
utv-1 a 1—u—v @A-pv-a-p@a-a-p)
k(> 1) with e, > 0 then AN ™ NIO™*P = Ak, ™ Ny, ™*P > 0: 50 in either

case, ng ¢, the growth rate of Solow-sector varieties, rises forever. m
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Proof of Proposition 6

In the following, we denote growth rates and asymptotic growth rates for variable X, thus:

AX,/At AX,/At
t

X, = g(X,) and lim ¥ = goo(Xp),

with MS and IR subscripts added as needed. However, note that g, MS(NMI) and goorr (Ns,t),
also written as My reoys and N0 g, are not conventional limits, since we will show that
while these growth rates may be signed asymptotically, they generally do not approach fixed
limits.

By definition y; — oo under MS; and by (A2) and (A5):

1

- _o1 o-1 o g
Jim pae = lim (1 —y)e=T (yt 7+ F) = (1= )71 = Goous(Pus) = 0
. (5°7) 0 i - gm0 -
u = constant = g, | E,, =0; lim Ly, = lim o1 = Le
Yt—o® Yto® T+ Yt_T
utv-1
and inserting these limits into (41) (withv = 1 — u so the NM,’t“il term disappears and 4

becomes m) gives:

1—-a—f
Py l1—a-p
gooMS(nM,t) =0+0+ gooms <LM(; B)> = —m(l —B) oo (Lt) (B18)

By definition y; = 0 under IR, and by (A1) and (A4),

1

_ o o N R B
limps, = lim (1-7) T(14Ty o ) = (1= )71 = Gor(ps;) = 0
limLg, = lim ———t—— = L,

Y0 yt—0 Ty, o +1

and inserting these limits into (42) gives:

a 1
Joorr(Ms) = m(l—a =) SR +— 9o (L) (B19)

Next we find the growth rates of labor productivity (output per capita) for the Malthus and
Solow sectors. For the Malthus sector, substituting (A2) for py, +(y¢) and (AS5) for Ly +(y¢)

into (14) for Y, ; and then rearranging, gives (see the Annex):

(0-Datf o —a
}adt o-1

Bt 3y (3755 4 1) GBS (820)



11

Y, a
= JooMms <LZZ> gooMs(NM t) Bgoo(Lt)
’ (B21)

=NMmt oms — 1= ﬁ —— g (L)

For the Solow sector, substituting (A1) for ps.(y;) and (16) for Eg . into (15) for Y5, and

rearranging yields (see the Annex):

Y. 1-p ___atf
St /'lNStl a-p (1 + I‘yt )(a va-eh (B22)
LSt
Y 1-pB
= JooIr <Ls t> T—a—p s tolR (B23)

Now y, = 0 on an IR path, Lg; — L, and (by (1)) ¥; > (1 — )/) — YSt: hence go;z (Yst) _

JoolR (:) the economy’s "growth rate" (i.e. of final output per capita). So (B23) shows the

IR growth rate is eventually a multiple of 5 ; oz, Which by (B19) is rising then, i.e. growth

eventually accelerates on an IR path. Similar algebra shows that since y; — oo on an MS path,
JooMs (ZMI) JooMs (: ) So (B21) shows that under MS, economic growth is eventually
M,t

slower than ny, ., the growth rate of machine varieties on that path, because of the drag of
population growth at rate g, (L;). From the asymptotic growth rates in (B18) and (B19), for
any pair of MS and IR paths starting with the same parameters except for different initial
varieties (Ny o, Ns o) (a difference needed to make one path MS and the other IR), after some

finite time eventually ng , on the IR path must exceed ny, . on the MS path. Hence
JooIR (Zt) JooMs (Y ) economic growth is eventually at on an IR path than on an MS path.
t
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Appendix B8: Proof of Propositions 7 and 8

If we fix Ny ¢ and N, —1.e. treat them as constants — the equation system consists of p; =

1
T (M) ’(21) alone, or even simpler from (6), y, =
Yst(e:Ns,t)

Yare (Ve N e)
Yst(VeNst)

Comparative static effects on y;

Substitute (14) for Yy, ((p, Ny +) and (A6) for Y5 . (pe, Ns¢) into the latter equation:

B _a_ 1-a-B
v, = 210 Nwe) _ NuPare OBy "Ly () (B24)
‘ Y:S',t(yt: NS_t) 1-B a+pB a

N, o Ppg =B (y,) (522) 77 Lo 0)

Take logs, let Q be the vector of all model parameters, and momentarily fix Ny, . and N,

which we then denote as N, ; and N .. This gives:

— — 1- —
PO Vo 0) = () — (120 ) ()

- f Z In (pM,t(yt)) - (%) In (psjt(yt))

+ (1 - ﬁ) In(E) = (1 - Z — ,8) In (ﬁ()«;s)

+ (%) In (LM,t(yt)> —1In (Ls,t(yt)) —In(y,) =0

We next calculate 0f /0y;:

+

(B25)

of ( B \OIn (pM,t(yt)> a+p \0n (ps,t(yt))
a_yt_(1—ﬁ) 0y, _(1—a—ﬁ) 3y,
N (1 —a - ﬁ) dln (LM,t(yt)) B dln (LS,t(yt)) 1
1-p dy: 0y: Yt
We find the four partial derivatives in (B26) as follows. From (A1), taking logs and then the

(B26)

derivative (see the Annex for the full algebra):

>0

3 Y=
Ve ay; (Fyt 7 + 1)

From (A2) and the previous result:

dln (Ps,t ()’t)) r



dln (PM,t (Yt)) -1
3y = — <0
t oy (Fyt 7 + 1>
From (A4):
dln (LS,t(yt)) —(c—-1r
ay = 1 o—1 < O
‘ ay; (Fyt 7 + 1)
dln( Ly ¢(ye) —
From (A5) and the previous result: n( aM't ki ) = e é >0
e ayt<l"yt" +1>
Hence (B26) becomes:
of ( p ) -1 ( a+p ) I
ay, \1-— o1 T \1-a- 1/ ot
Ve g oY <Fyt 7+ 1) g ay; <Fyt 7 + 1)
+<1—a—[>’ o—1 (c—1r 1

1-8 ) o1 T3 o1\,
oy (Ty,” +1 oy, (1+Ty.°

which after several lines of algebra (see the Annex) simplifies to:
o—1
af A-a-p)A-a+oa)+ (1-p)y,°
—_— — < O
ayt g-1 (B27)
c(1-BA—a—-PRy Iy + 1)

Lastly, we calculate 0f (yt, Ny ¢, N ¢, ﬂ) /04Q; from (B25) for selected parameters ();, and

. .0y Of(veNmeNsQ)/00 Oy:
insert the results and df /0y, < 0 from (B27) into 0~ of /oy and N

a Ny t.Nst,Q)/0N; . . . . . .
_ U ”(;; ; 6S yt VONit i om the implicit function theorem, to yield the results shown in
t

Proposition 7 :

_ 1
N =
el N = = 573y~ °
(=%)
— 1-a-p
Ne;} = —/—m8MM—
e/ N5t = =3 F oy
9y, /0Ey = ——(ﬁ)
Yel 08 = T F (@f /vy
(=)
ayt/ae_s = > 0

es(af /ayy)

13



(55)-
L.(0f /dy:)

. oye _ ( 1-B oyt . .
And since (B25) = oin(Nsg) (1_a_ B) FEYC < 0, we also have that equal increases in

ayt/aLt:_ <0

In(Ny,) and In(Ns ), i.e. a larger total number of varieties Ny, , + N, which leaves the

ratio N, unchanged, will increase industrialisation (lower y;). m

Comparative static effects on the energy price ratio, e;

Finding the effects of parameters on e; starts by transforming (29) with (25) into In(y,) =

oln(M)+ (1 —-pB)o (ln(NM,t) — ln(NSIt)) — aoln(e;) and using this to substitute for In(y;)

in equation (B25) with dependencies of e;. After much algebra (see the Annex) this yields:

f(etr NM,tr Ns,tr -Q)

= —oln(0) +[1— (1 - B)olin(Ny,) - ( -8

1 —
m - (1 - ﬁ)O’) ll’l(N_g,t)

(1 fﬁ) [In(I) + (1 — A)In(N,) — aln(e,)]
RERTER LA

a+p 1 (1-p)(-1) ;~a(o-1)
— In (T2N, 1
(1 —a - ,8) {0 -1 ( + )

“In(1 - )}

+<1fﬁ>m>—<1f ()

* (%) {In(L) +In() + (o = D[In(M) + (1 = AIn(N,) — aln(e,)]}
- (%)1 (PR D74 1) _in(r,)
+In (ToRIPE e D 1 1) 4 aoln(e,)
Equation (29), in the form In(y,) = oln(T) + (1 ~ £)oIn(N,) — aoln(e,). means that 2

—ao aa—f > 0. This, combined with the only two tractable partial derivatives from (B28),
Yt

gives the comparative static results shown in Proposition 8:

()
Eu(0f /e
(55) -

L,(0f/0e)

aet/aEM - —

aet/aLt=— >0

14

1n(1— )} (B28)
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B _(1-B)o

__1-a-p det
1-(1-B)o  dIn(Nsy)

6et
61n(1VM‘t)

Lastly, since (B28) =

> (0, we also
N¢ constant N¢ constant
have that equal rises in In(Ny, ;) and In(Ng,; ), i.e. a larger total number of varieties Ny, ; +

Ns . which keeps the ratio N; constant, will raise the energy price ratio e;. m



ANNEX (FOR ONLINE PUBLICATION)
Derivations in Appendix B2

Steps from (B7) to (BS)

Take logs then differences of (B7):

[1 + a(o - DIAING,) = o(1 = B) A (In(Ny) — In(Ns,.)) - %Al (Ns.)

-1

1 1 (o — 1y’ Ay,
_aaAln(Lt)+a(1—0_1<1_a_ﬁ)) o1
1+Ty,°

[1+ a(o—1)]AIn(y,) =0(1—-p) A(lnNMt InNg t) (a ﬁﬁ) Aln (NSt)

o-1
1 I A

—ao Aln(L,) + a [g —1— (1 — ,3)] Y’ 3;t/1yt

(1 + ryt7>

Substituting Ay, /y; = Aln(y,) and rearranging:

o-—1
<1 +Ty, 7 )
[1 + O!(O' - 1)] —o;lAln(yt)

1+Ty°

= (1 — ) Aln(Ny,) — [0(1— B) + (Tﬁ;l Aln(Ns,)

o—1

—ao Aln(L,y) + a [g —1— (1 — 61( — ﬁ)] zytaAlI;E};t)
1+Ty,° )

o—1

1+a(0—1)+[1+a(a—1)—a(0—1)+ﬁ Ty, °

g-1 Aln(yt)
1+Ty.°

=

=0(1—p) Aln(Ny,,) — (1 =) ( n i ; f B) Aln(Ng,) — ac Aln(L;)



1-8 o
1+ (Z(O' - 1) + T 0 Fy g
= (1 G_clr ’B) i Aln(y,)
1+ I‘ytT (BY)
_ (1-p)?
=0(1—p) Aln(Ny,) — o mAln(NS‘t) — ao Aln(L,)

Steps from (B8) to (27)
To progress from (B8), we need to replace Aln(Ns,t), using this:

_ ANy e /Ny e

ny = —————= = n, Aln(Ns,) = Aln(Ny,;) = Aln(NNs) = Aln(N,) + Aln(Ng,;)
ANg,;/Ng, ' ' ' '

Aln(N;)
ng—1

n:Aln(N,)

= Aln(Ns,) = ——

= Aln(NM,t) = ntAln(NS,t) =

So (B8) becomes:

o—1

l1+a(c—1)+ (%) FytT Aln(y,)
o—1 t

1+l"ytT
=0(1—B)<

ntmnuvt)) _a-pp <A1n<1vt>

— Gl—a—ﬁ nt_1>—a0A1n(Lt)

_o-p

nt_l

1-8
(nt “1-a_g ,6’) Aln(N;) — acgAln(L;)
Multiplying both sides by n, — 1:

o—1

1-p
l1+a(c—1)+|7—5]|Ty, °
= <1 ;‘f‘ﬁ) % (n — DAIn(y,)
<1+FytT> @7)
1-p
l1—-a-p

=od(1—-p) (nt — )Aln(Nt) — (ny — DaocAln(L;)

Derivations in Appendix B3

1-§
1+ CZ(O' - 1) + (m) Ntn?‘
o T+ N (ne — DI = B)AIn(N,)

(B9)
— aAln(e;)]

1 —
—0 [(1 — ) (nt - ﬁ) AIn(N,) — (n, — DaAln(L,)



1-8
1+a(0—1)+(m)Ntn§" 1_ﬁ
>1-p) l T (e =) = (4 =g )| Am )
+ (n; — DaAln(L,)
1-8
1+C¥(O'—1)+ T Ntn{”
= T +(I\}tnma B> (n; — Da Aln(e;)
t
1+a(c—1) + Nnf*
1 — — —
= < ﬁl n Ntn;” a—F (n; — Da Aln(e;)
1+a(a—1)+<%)Ntn§" 1-8
- 1+ N B L
1-8
1+a(0—1)+(m)Ntn§” (nt—l)a
— 1T Nonpt Aln(N,;) + a=p Aln(L,)
1+a(o—1)+ (%) Nl — 1 — N,nl®
B 1+ N e
(1=2E5) O+ Nent = N = 1 = (o = 1)
+ 1T N Aln(N,)
t
-1
+ %Aln(h)
a(0—1)+(1i;’§ﬁ)Ntn%”—Ntn§” (1i;'fﬁ>—1—a(a—1)
= 1+ Nl Mt 1+ Nl Aln(Ne)
(ny — Da
+ =5 Aln(L,)
Now substitute 1:[_; i 1= 1_;:_ i a(oT — 1), which makes this expression:
_[{alc —1) +a(e’ = DNnP a(ct —1)—a(oc—1)
- K 1+ Nenf )nt 1+ Neng* l Aln(Ne)

(ny — Da

+ W Aln(Lt)



1+a(c—1) + N.ni*
=
1+ Nnf*

1-5 1_a_'8>(nt—1)aAln(et)

a AIn(N;) (n;—Da
1+ Neng" 1-p

=[{o—1+ (6T - 1DNn"In, — (6 — o1)] Aln(L,)

1+a(c—1) N
< 1-p +1_a_ﬁ>(nt—1)Aln(et)

=[{oc—-0"+ (6" - 1)@ + NnIn, — (6 — a7)] Aln(N,) (29)

14 N,n™
+ < - _tgt ) (n, — 1) Aln(L,)

Derivations in Appendix B4
Algebra for Lemma 1

We need to show that:

1—a—ﬁ£ﬁs(a—1)(1—a—ﬁ)—1and0>GTle0_1>1—a—ﬁ
1=8 e o |
Aln(N,) 1+a(o 1)+<1 7 ﬁ)l“yt (n—-1) _q
Al o-1 '
"0 <1+Fyt”>a(1—ﬁ)<ﬁ—1ia€ﬁ> ’
. . 1-p ety I
Well,thlsmequahty:}l1+a(0—1)+(1_a_ﬁ>[‘yt0 (n—1)
o-1 1—
><1+ryt0)(0—1)(1—/3)<ﬁ—1_a€ﬁ>

1_
N [1+a(0—1)](ﬁ—1)+<%)r‘yt“ (—1)

>(0—1)(1—ﬁ)(ﬁ_1i;€5)
+I‘y:%1(0—1)(1—ﬁ)(ﬁ_1i;€ﬁ)

o—1 o—-1

(:)( 1-F )(ﬁ—1)FytT—(0—1)(1—ﬁ)<ﬁ_1i;€ﬁ)ryt7

l—a-p
1_
>(a—1)(1—3)(ﬁ—1_afﬁ)—[1+a(a—1)](ﬁ—1)




~lZE) e -e-va-n -t
>(@-D-p) (-7 ;ﬁﬁ)_[ua(g_l)](ﬁ_l)

So we can prove the 2 E ; inequality true by showing [LHS] > 0 and RHS < 0 as follows:

P )a-n-Ge-va-p(i-—)

B

1
1-a-B

>(1i;€ﬁ)(ﬁ_1)_(1i;€ﬁ)(ﬁ_1i;€ﬁ>

=(1i;€ﬁ)(1i;€ﬁ_1)>0

which (because 0 — 1 >

)

RHS=(a—l)(l—ﬁ)(ﬁ—1i;fﬁ)—[1+a(a—1)](ﬁ—1)
=[(a—l)(l—a—,@)—l]ﬁ—(a—1)(1—[3)1__€ﬁ+1+a(0—1)
. __ (o-DA-p)-1
which (because n< m)

(c-1DA-p) -1 a(l—a—pB)—(1-p)?
S[(0—1)(1—0:—3)—1](0_1)(1_a_ﬁ)_1+(0—1) T—a—p +1
:(0—1)(1—3)—1—(0—1)“ +(11__“a__ﬁ;(1 2

(0 —1Da? (6 — 1Da?
== DA-P-1- 75l -DA-H -1 =~ <0.
Detailed proofs for Lemma 2
(i1) Proof that (B12) > (38), i.e. that
L (v e r) - na-p - (2R r+ 1+ e - Dy
(v 001+F>(a—1)(1—,8)—[(1iaﬁﬁ>r‘+{1+a(a—1)}y |
(c-1DA-p)—-1

"o-DU-a-p-1

o-1

Nowlet(y_dT_l+F)(a—1)(1—,8)EW, ( 1-F )F+{1+a(a—1)}y s =X

1-




1_
(1—a€ﬁ)w‘x> -DA-p -1
w—-X (c-1DA-a-p)—-1

then we must show that:

1-§
o |(fmamp)W —¥|le-Da-a=p -1> W -l - DA -p) - 1)
-5
= (O'—1)(1—,8)W—(O'-l)(l-d-ﬁ)X-(m)W-FX
> -1DA =W —-W —(6-1)(1—-BX+X
1-5

_ﬁ>W>—W—(a—1)(1—,8)X

& —(@- D1 -a-HX - (=

o (a—1)ax><%—1)wz(ﬁ>w

= (0—1)X>%

(T +r)@-na-p

o (0-1) [(%) F 4 {1+ a(o— 1)}y—07_1] >

l—a-p

-p ) _o-1 _o_—1< 1-p ) ( 1-p )

r+{1 -1 > — |+ (—

= (1_ .y +{1+a(c-1)}y o >y o T—a—F + 1—a—5

o—1
0 < y < oo means we can divide by y ¢ without changing the inequality. So we must show

1+a(c—1)> 15 (G—1)>—"o S t
— —(:) — —_— s —_— =

a(o " a(o 1—a—p o T—a—p o

The last statement is true, given the High Substitutability condition assumed in this case, so
reversing the chain of implications means we have proved (B12) > (38).

(iii) Proof that the Aln(n;) = 0 locus is locally steeper than the development path:

The Aln(n;) = 0 locus in (N, y)-space is the curve:
1-p o-11¢ 1 o-1 -1
[1+a(a—1)+(m)f‘ya](memGNm—1>_0_1

<1 + FyaT_l> o(1-pB) (F%y(;n—_alN_ﬁl - %) o

(B13)

Aln(N)
)Al ( ))

To compute the log-slope of this locus, first set the difference of cross-products = 0:

(1 ta(o—1)+ (%) ryaal) (F%y?n__alN_Wl _ 1) _
(B14)

(o -1) (1 + ryac_rl) a(1—p) (rmyfnalzv?nl - i;fﬁ) =0



To expand A(B14) = 0, we will use these two first differences:

g-1 oc—1 -1 -1
ATy o ]—F ycfAy—F—y a Aln(y) and

1 o-1 -1 1p0o—-1 o1, -1 1 o-1 -1
A(memaNm):Fm(mo_ y mo NmAy——ymaNm AN)

1 o-1 -1

mymoe Nm -1 n -1
- <a Aln(y) — Aln(N)) - —<0
o m o)

m

Aln(y) — Aln(N)).

= 0= AM7) = a(1+a(a—1)+( 1-p4 )ryoT_l>%<0;1

1—a—p5 Aln(y) — Aln(N))

1-p oc—1 o-1
+o (7o) Ty Y @ (1= DAInG)

1 o

1 —
—(o— 1)F—y "1A1n(}’)0(1—ﬁ) (n— a[jﬁ>

—(o-1) (1 +Ty o )0(1 _pl ( — L AnGy) — Aln(N))

- o(trato -0+ ()T (5

1— o—1
+ (1 — f B) (6 =Dy ¢ (n—DAln(y)

- (0 =12 -pry’7 (n-

Aln(y) — Aln(N))

1-8
l1—a-p

) ain(y)

o-1 nfo—1
—(o-1) <1+Fy 5 )"(1_3)E< _ Aln(y)—Aln(N))

(1- ﬁ)Fya
l—a-p

l1+a(c—1)+

Aln(y)

~@-(1+0y7 ) a- ﬁ)] ( -

- Aln(N)>

1 o—1
+ (1 — ﬁ) (n—1)(c - 1)(1 = {)Ty & Aln(y)

—(0—1)(n—

1-— g-1
—— L) - na-pryTane)



(1 —ﬁ)Fy o

1+a@-D=(@-DA-P+7 =5

—(c—1D(1 - B)FyUT_l] %(G ; ! Aln(y) — Aln(N)>

+[(1_;_ﬁ)(n—1)—(0—1)(n—1—1_Z_ﬁ>](a—1)(1—3)ry07_1A1n(y)

- [1-e-va-a-p-(o-1- )(1—B)Fy07_1 ‘;n—"(“;lmn(y)

1
l—a-p
—Aln(N))

= [~a-a-pE-ohH-@-aHa-pry7 | “"( - Aln(y) - Aln(N))

+ [—(a —eM@m-1+ (- 1) (1 - ) (6 —1)(1 - BTy e Aln(y)

-5
o—1 n
-|a-a-p+a-pry’s|©@-oH (e - DaING)

~|@ =N -1 - (0= 1) (fmo=)] @ - D= AT AInG)

+ [1 —a—f+(1- ﬁ)FydT_l] (o — a*)%Aln(N)

g—1] g-1
A-a=p+a=-pry @ |(o-o")7(o-1) +[(o-ah) -1~ (o-1) (= 5)[e-Da-pry T

Aln(N)

Aln() 1—a-B+-RIry 7 |(o-0t)Z

is the log-slope of the Aln(n;) = 0 locus in (y,N) space.

We next show that the log-slope of the locus exceeds the path’s slope, i.e from (B10):

o—-1
[1 a—B+(1-BTy ](a ot)(o-1) + [(0-o) (-1 ~(0-1) (=) |e-DC-pry T
——>0

g

[1—a—ﬁ+(1—[>’)[‘y o ](U—O‘T)%

So we need to show the following:

{[1_“_“(1‘3)”07_1](“—0*)"(0—1) +[e-ohm-1 - (o~
D () 0= DA =Py o> [1-a=p+ A= pry=] @ - ohio - DT




At [1_“—3"‘(1—5)F)’GT_1](G—GT)%(G—1) + [(a—o*)(n—l)—(a—
D (=) 0= DA-p1yT > [1—a=p+A-AIYT |G- oM@ - DL

o [(a —oHtn—1) = (6 —1) (ﬁ)} (6 =11 - By s >0

@(a—a*)(n—l)=<0—1—ﬁ>(n—1)>(0—1)<ﬁ>

n—1

1—Z—ﬁ>>1—a—ﬁ

@(0—1)(11—1—

n-—1
_ 1-a-B — n-1 n-1 — —1
©o-1> n—1—$ n-1)(1-a-p)-a So>1+ n-1)(1-a-p)-a 1+ 1—a—,8—ﬁ
We now use the result that:
1+ ! =1+ !
a - a
e by  17eF (T
T—a—p 1-6) _,
1
c—1-— T—a—3
1
=1+- =
“"‘ﬁ‘[ G DA-P_T ]
(c—-1DA—-a-p)—-1
1
l—a-p-—
[(0—1)(1—3) —(-DA-a-p)
c-DA-a-p)—-1
=1+ ! =1+ :
- g — B — a - (c-DA-a-p)—1
l-—a-§ (0 —Da ] l-—a-p- (J_l)ﬂ
c-DA-a-p)—-1
T T -D-a-BP-(-DA-a-p+1_°
Hence we need to show 1 + ;a <1+ ! =— = 0, and this last statement is
R ey 1—a=f-G
1-8 1
o-1-—;
true because ny,: = (1_“_B 3( - 1-p ) was shown earlier to be the minimum value of n on the
o-1-1"f

Aln(n;) = 0 locus, namely its asymptotic value, which is exceeded at any finite point on the
locus.



Derivation in Appendix B6
Algebra for Proposition 3

As shown in the Proof of Lemma 1, showing

o—1

1+a(a—1)+(1E;€B)FytT 5—1

>
o1 _
<1+r%o->au.—5)oi—T%3%?ﬁ> ’

is the same as showing:

(255 e -0-a-p (o) - o]

1-8
l1—a-p

We prove this inequality is true by showing the [LHS] > 0 and the RHS < 0 as follows:

1-8
l—a-p

(n-1)

>(1—,8)(ﬁ— )(0—1)—[1+a(a—1)](ﬁ—1)

1-8 )

)(ﬁ—1)—(0—1)(1—B)<ﬁ—1_a_ﬁ

[LHS]::(

=(11;63_(0_1x1—30ﬁ—(1i;€ﬁy+w—1X1—ﬂm1i;€ﬁ>

=[(1_;_3—(O’—1)>ﬁ—(1_i_ﬁ)+(0—1)(1i;€ﬁ)](1_’3)

which (because 0 — 1 < L and@>—F )

1-a-B 1-a-B
1 1-8 1 1-8
>[(1—a—ﬂ_(0_1)>1—a—ﬁ+<a_1_1—ﬁ>(1—a—ﬁ>](1_ﬁ)
1 1\ (1-B)?
_(1—a—ﬁ_1—ﬁ>r—a—ﬁ>0
mm:(1—ﬁwﬁ—1_;€ﬁ)w—1y-u+aw—1nm—1)
_ 1-p
=[(1—a—ﬁ)(0—1)—1]n—(1—ﬁ)1_a_ﬁ(0—1)+1
which (againbecausea—1<1_;_ﬁ andr_l>1:€ﬂ)
1-— 1-—
<M== -1ty = A= P et~ D+1

10



11

1-— 1-—
— - a=p) - (- Plo- Dty Tty

1-p a
—a—ﬁ_l—a—ﬁ<

+1

0.

= —a(o — 1)1

Derivations in Appendix B7

Derivation of (B17)
1-8

aNg, 1—;—/3’ 1
ES,t(pt'NS,t) = ( ﬁést) LS,t(pt) ps,tl_a_ﬁ (pe) (16)

@ N NTSaB % a
N ([3 _S't) LT s GFY=aP)
eS ’ ’

Inserting this into (B16) gives

+v-1 1 a a a 1-a-f
_ v . h(1-B) \yh(A—a—B) ;h(1-B) _h(1-B)(1-a-p) ;h(1-p)
Nge = ANS,t—X pS,t NS,t LS,t pS,t LS,t

ut+v—1 1-a—f+a a 1-8
_ h h(1-p)(1-a—p) yyh(1—a—p) yh(1-)
- ANS,L‘—K pS,t NS,t LS,t

u+v—1 a

1 1
nl—a=p) nyh(1—a— h
= Nt = ANS,tTi ps, "1 ﬁ)Ns,t( ¢ B)Lg,t ®B17)

Derivations of (41) and (42):

1 1-a—-pf
(A2)& (45) = ppG DL

_1 B
1 — - —

o 1 o—1\o—-1 h(1=F) Ltrytaal R(1=F)

= |(1 —y)o-1Ty, 7 <1 +Ty,”7 ) — =

g-1 ( 11[h(11 B fll(_la_ﬁli) g
_ e =) B
= A(yt_ v +r) IR

1 \__1-a-B 1-a-B
o-1 (1— B D ReDaB ram
_ l(yt_ - +F> a-p Jh(c—-1)(1-B) Lftl(l B)

) _FJ—J*Xl—a—ﬁ) 1—a—p
_o-- h(o— - =R
_ A(yt 5 +r) (DU RGR)



1
(A1)& (A4) =>ph(1 = ’”Lh

1
1

I e ) oy e
[(1 yei 141y 7 ) ] [Lt (1+1v7) ]

/1(1+Fyt )[m ]h:

1 1 1
o—-I\\T=g= o+1 hio— 1
_ 1(1 n FytT)< a—p /h(o I)L?

(0-0T)

o—1\" ) 1
- /1<1 + FytT> oD

Then substitute the above into (B16) and (B17) respectively

v+pu—1 1-a-p
nM,t — AN th pl}\;(; ﬁ)Eh(l B)Lh(l ﬁ)
1 o [(a—o*)(l—a—ﬁ)(o—a"’) 1—a-p 41)
e _o-1 R(o-D(-B) e=)
—ANMf"l ERA-A (_’yt 5 +r> [T
=z - g— =
nS,t = ;{NS th{ Nh(l a— ﬁ) (1 + Fyt o ) Lftl (42)
Derivation of (B20)
From (14),
B a 1-a-f B a —a
1 T-F=1-F, 1-B Yue 1 T-F=1-F ,1-F
YMt_ﬁNMtpM,t v L Luts ﬁNMtth v Lt

1 o o1 o] P e Lr \7*
= 5N (1—y)ﬂr<yt 7 +F) By ——

D 1y
_o-1 D g
= ANyt <Yt o+ F) i Ey ﬂL; g (B20)
Derivation of (B22)

Substituting (16) for Eg ; into (15) and rearranging:

12
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1-8
aNg\T-a-B 1
Es. = ( Bés ) st Pstt ™% (16)
B _a 1-a-p
T-Bp1-B, 1-
Yo, = 'BNS'tpStﬁES,t LS,t g (13)
@
1- i-
B_| (N \T-a-F L St
= Y5 = ANgps 1B (g) L pset=%F LS,t d
) _1-a-p 1-B a _ 1-B | . B-a-B)+ta _ BA-P)+a(1-B) _ a+f
(Powers on: Ns v 4 ¥ T 515 = 1oap PSE piap) . piap) — T-ap

1-p a+p
= ANg =@ Bpg 1-a=FLg,

and then using (A1) for ps;

Ys,s 1B o N1
- E = ANS,tl_a_'B (1 - )/)0'—1 (1 + Fyt a >

1-8 P /- E—
—E 9= 2\(e-1)(1-a-
= ANg,T-a-F (1+Fyt = )(0 )A-a-p)

Derivations in Appendix B8
Full algebra for comparative statics results stated after (B26).

dlnps,(ye)

Calculation of 2y
t

(A1) = In (Ps,t()’t)) -5 i

1
y o-17%
om (pse () T—y 5 % r
T 8y, y I ~ T 1/ o1
(c—1) <myf o 4 1) oy’ <I‘yt o 4 1)
Olnppy ¢ (yt)

Calculation of 3y
t

o 1 ol
(A2) = In (pM,t(yt)) = p— In(1—y)+ p— In <yt 7 4 F)

(B22)



o—1

g — T .-
aln(PM,t(Yt)) -, 5yt B
B K= o1
(0_1)<F+yf ) C’yt<ryt“ +1>
a1
Calculation of W
t

(A4)= In (Ls,t( yt)) = In(L,) — In <ryf + 1)

— 1 —
= —— —

d o-1 1 g-1
Yt = ~ -
1+ Ty, oyl (Ty, 7 +1

aln(LM,t(J/t))

Calculation of %
t

(A5) = In (LM,t( Yt)) =In(L;) + In(T) — In (r + yt‘%l) = w

0y¢
o1
_0_1 ytayt_l _ og—1
o oy o-1
(F+yt o) O'Yt<ryta +1>
- . of
Simplification of Fye
t
0f_< B ) -1 a+p r
dy, \1- o1 _(1—a— ) 1/ o-1
: o <F3’t° +1> g oy? (Fyt" +1>
+<1—a—ﬁ o—1 (c—1Dr 1

o-1 + 1 G—1N\
1_ﬁ >o-yt<l—‘yto-+1> o'ytg<1+l"yt7> Vt
_—(1-a-pB+l-a-p*c-1)-1-PU-a-p)o
A=A -a=Poy (Fyt7+1>

o—1

Q-+ +A-A-a-Ho-1)-1-A—a-olly, 7
(1-B1—a-Boy, <ry7 - 1)

+
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o—1

_—-a-p@+i-a-fH+U-a—poll-a-H-1-HI-1A-ply "
B o-1
1-p)A —a—-poy, <Fyt" +1>

B (1—cx—ﬁ)(1—a+cxcx)+(1—ﬁ)1"y:%1
=- 1 (B27)
c(1-p)A—a—PBy: <Fyt 7+ 1)
Derivation off(et, Ny ¢, N ¢, ﬂ)
f(Yt; NM,D NSt Q)
= In(Ny,.) - (1 IB )ln(NSt +)— = i B (pM,t(Yt))
(1 - Z b ﬁ) ln pSt(yt) ( )ln(EM) (B25)
Lo

(1 a— [3) In (,Bes) ( )ln (LM't(yt))
—In(Ls¢ () = In(y,) = 0

Insert
In(y;) = aln(l) + (1 — B)o (ln(NM,t) — ln(Ns,t)) — aoln(e;)
= f(et' Nue» Ns,t, Q)

= ln(NM,t) - (%) ln(Ns t) +t—0 1= i B (PM t(%))

N <1 - :f ﬁ) In (ps 070)) + (1 ,8) In(En) — (1 — Z - ,8) In (ﬁoe["s)

+ (1 I i ; ﬁ) In (LM,t()’t)> In (Lg,t(yt)) —oIn(
—(1=Bo (ln(NM,t) - ln(Ns_t)) + aoln(e,) =0

1- —
1—a€ﬁ_ (1—,B)a>ln(N5t)

1 f B In (pM't(yt)) B (1 i Zfﬁ) In (pS,t(yt)) (1 ﬁ>ln(EM)
_ (1 — Z — ﬁ> In (ﬁi_s) + (1 Ii;ﬁ> In (LM,t(yt)) In (Ls't(yt))

+ aoln(e;)) =0

= —oln() + [1 — (1 = B)olIn(Ny,) — (

+

Now using (29):

o—1

ye = ORI P grac o1y @ = pog(-AE-D,~ale-D)



16

o—1
= In <Fyt c + 1) =In (raﬁt(l—ﬁ)(d—l)et—a(a—l) + 1)

gives these versions of the logarithmic forms seen at intermediate stages of calculating

dln (pS,t(Yt))/ayt, dln (pM,t(yt))/ayta dln (LS,t(yt))/ayt and dln (LM,t(yt))/OYt
respectively:

1 g-1 o
1 In <Fyt 7 + 1) + In(1—vy)

1
In (puc(er)) = = ~In(y) +— —

= —[In(T) + (1 = AIn(N,) — aln(e,)] +

1 4 yo1) (o
-In (TONS P 4 1)

o 7=
In(1 —
t——3 n(l-y)
o-1 o
In (ps,(er)) = L <Fyt 7+ 1) +—In(1-y)
_ 1 In (F“N(l_ﬁ)(o_l)e_a(a_l) + 1) + 2 In(1—1y)
og—1 t t o—1

o—1 o1
In (LM,t(et)) =In(L;) + In(T) + > In(y;) —In <Fyt 7 + 1)

=In(Ly) + In(T) + (¢ — D[In(T) + (1 — B)In(N,) — aln(e,)]
— In (roN( PO De @D 4 q)

o—1
In (Ls.(er)) = In(L) = In <FytT + 1)

= In(L,) — In (PONS PO a0 4 q)
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= f(etr NM,tr NS,D 9-)

= —oln(D) +[1 - (1 - B)olin(Ny,) - ( 15

—a—pf

-(1- ,B)a) In(Ns,)

22) n) + (1 - PInE,) — ainCeo)]

In (TON{ PO e a7 4 )

o
+— 1ln(l — y)}

1 — o
o i (1-B)(o-1)_—a(o-1) _
B){ In (T7 N e; +1)+ —In(1 y)}

(72
(
(
+ (1 _ ,8) In(En) = (1 _ Z _ ,8) In (30;5>
tE
(

[N
‘m
| m\_/
Q
| | =
—_

- — ; p ) (In(Ly) + In(T)

D[In(M) + (1 — AIn(N,) — aln(e,)]}

a —

= )ln (F“N(l Aot male-1) 4 1) —In(L,)
(F"N(1 A1, a(o Dy 1) + aogln(e;)

1
1— aﬁﬁ—(l ﬁ)a)ln(NSt 1)

- (£25) (@) + (1 = PIn(W) - ainCe,)

) * i)

6¥+ﬁ y(-A)o-1),, a(a 1) a }
F"N 1 In(1 —
1—a— ﬁ){ * )+0_1n( V)

(=
-
+ <1 aﬁ>ln(EM) ( Z ﬁ) n(ﬁ0;5>
+(5
-(5

= —oln(l) +[1— (1= B)alin(Ny,_1) - (

+

FoN(l B)(o— 1) a(o 1) +1)

1—a—p ) {In(L,) + In(T")

+ (0 - 1)[ln(F)+(1 B)In(N,) — aln(e,)]}
l—a-p

) FO'N(l (=D o= 1)+1) In(L,)

+1n (F"N(1 Ae-1, a(a Dy 1) + aoln(e;)

.. B atp a _ (1-a-B
and then using P R wy e v and ( .y )+ 1= ﬁglves (B28).






